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Introduction
Geometric constructions (1, 2) and qualitative
evaluation (3-5) have been used for over a cen-
tury to study the dental arch form, which has
been described in terms of ellipses (6-9), cate-
nary curves (10), polynomial functions (11, 12),
parabolas (13), and cubic splines (14). Mathe-
matical methods used to test the goodness-of-fit
of these curves to the dental arcade include min-
imum chi-squared fitting and the innovative av-
erage fitting technique, in which the fit of the
arch forms is calculated on the average arch. 
In 1934, Chuck (5) classified the arch forms in-

to tapered, square and ovoid, and a review of rel-
evant literature (5, 15, 16) permits us to con-
clude that, in Caucasian subjects, the prevalence
of these shapes is as follows: 45% tapered, 10%
square and 45% ovoid. 
Despite this deceptively simple classification,
however, the search for an ideal arch form, or
forms, that can be applied to every single pa-
tient, or group of patients, has proved unrealistic
due to the vast range of individual variation
within the population (17). The shape of the
arches is determined by not only the underlying
bone, but also the oral musculature and the func-
tional forces at play. Indeed, according to equi-
librium theory (17), the light, prolonged pres-
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SUMMARY
Purpose. To determine the existence of any correlation between the degree of divergence and apical and coronal arch
form using cone-beam computed tomography (CBCT).
Materials and methods. A total of 176 (88 coronal and 88 apical) CBCT scans pertaining to a sample of 44 subjects (16
males and 28 females), of which 26 were Class I, 14 Class II and 4 Class III, were analysed. A lateral projection of the
skull was obtained from each VCT and cephalometric tracing was performed (according to Ricketts) so as to divide the
sample into subgroups based on the degree of divergence (11 short-faced, 18 norm-faced and 15 long-faced subjects).
Dahlberg’s index values were calculated and Student’s t-test for paired data was applied. 
Results. On the whole, the hyperbolic cosine curve was found to be the most representative of the arch forms consid-
ered. 
Conclusions. A correlation between degree of divergence and the arch form of the apical and, especially, coronal portions
of both the upper and lower jaws was revealed.
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sure exerted by the lip, teeth and tongue greatly
affect the position of the teeth. The degree of
muscle activity, on the other hand, has little or
no influence on the dental morphology, but does
affect the density of the supporting bone. In par-
ticular, hyperdivergent subjects have been
shown to present a hypotonic muscular compo-
nent, whereas hypodivergent subjects tend to
feature hypertonic musculature. 
It is unsurprising therefore, that various studies
(18, 19) have been conducted in the attempt to
find a correlation between arch form and facial
type. These have reported narrower arch forms
in long-faced with respect to short-faced sub-
jects. Furthermore, it has also been noted that
Class I and II subjects present narrower arch
forms than those in Class III. 
The advent of precise three-dimensional imag-
ing techniques has revolutionized studies such
as these, which used to rely on the comparative-
ly imprecise measurement of plaster models.
Furthermore, volumetric tomography has made
it possible not only to measure the visible por-
tions of the teeth, but also those previously hid-
den from view, i.e. the roots. In a VCT (volu-
metric computed tomography) study conducted
in 2007 (20), the positions of both the coronal
and apical sections of the teeth were determined
and used to estimate their respective arch forms,
revealing that the shape of the apical arches is
roughly elliptical while the coronal arches can
only be represented by means of a shape featur-
ing a change in curvature. 
With a view to expanding on these results, the
aim of the present study was to identify any re-
lationship between arch form and degree of di-
vergence. This was performed by evaluating the
position of the crowns and root apices with the
aid of VCT. Indeed, as previously mentioned,
this technique allows us to study the position of
the root apices, which were not previously easi-
ly measurable and have therefore not been stud-
ied extensively, despite their being a fundamen-
tal component in the planning of effective and
stable orthodontic treatment. Furthermore, den-
tal cone-beam computed tomography (CBCT)
has the added advantage of exposing the patient

to considerably (roughly 5 times) less radioac-
tivity with respect to conventional CT (21-24).

Materials and methods
An initial database of almost 1800 VCTs was
consulted, and a sample of 44 VCTs, belonging
to 16 males and 28 females, was selected as ap-
propriate for this study. The sample included pa-
tients with the following characteristics: no pre-
vious orthodontic treatment; no extensive resto -
ration; one or both arches in the permanent
dentition; presence of the first permanent molars
and no visible intraoral or extraoral asymmetry.
This sample was composed of 26 (59%) Class I,
14 (32%) Class II and 4 (9%) Class III subjects.
The degree of crowding was, on average, 1.37
(Little’s index) and ranged from 0.4 and 2.85
(little crowding). All patients were Caucasian
and the mean age was 21.6 years. 
Tomographic images of the upper and lower
jaws of each of the 44 patients, a total of 88
arches, were analysed. Apical and coronal scans
of each arch were considered, and the total sam-
ple therefore comprised 176 VCT images. All
VCTs were taken using the same cone-beam
DVT appliance, NewTom 3G, manufactured by
the firm QR, Verona. 
A lateral projection of the skull was obtained
from each VCT and subjected to cephalometric
tracing, used to subdivide the sample according
to degree of divergence. The cephalometric anal-
ysis technique chosen for this study was that
proposed by Ricketts, considering the facial axis
angle, i.e. the angle formed between the cranial
base Ba-Na and the facial axis Pt-Gn. This angle
shows the growth trajectory of the mandible. Af-
ter cephalometric tracing on laterolateral projec-
tions of the selected VCTs, the sample was di-
vided into three divergence groups, composed as
follows: 11 short-faced subjects (facial axis an-
gle ≥93°), 18 norm-faced subjects (facial axis
angle 90°±3) and 15 long-faced subjects (facial
axis angle ≤87°).
Axial renderings of the VCTs pertaining to these
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appropriate for the volumetric tomograph em-
ployed. The axial planes were oriented according
to Downs, who defined the occlusal plane as that
containing the lines passing through the central
occlusal point of the first molars and incisors. Ac-
cordingly, two sections per arch were considered:
a coronal section, passing through the point of
contact between the lateroposterior teeth (Figures
1, 2, for the upper arch and figures 5, 6 for the
lower arch), and an apical section taken 10 mm
from the coronal section in all cases (Figures 3, 4,
for the upper arch and figures 7, 8 for the lower
arch) in order to guarantee homogeneity of the
subsequent measurements; this value was select-
ed as the border of the apical third, on the basis of
the mean of the root lengths of all permanent
teeth, considering that the coronal sections were
taken at roughly the dental equator. 
These slices were then used to construct, for each
patient, a PowerPoint presentation comprising 4
slides, one of the coronal section of the upper
arch, one of the coronal section of the lower arch,
one of the apical section of the upper arch, and

Figure 2
Axial slice of upper coronal arch form.

Figure 3
Axial section of upper apical arch form, sagittal view. 

Figure 1
Axial section of upper coronal arch form, sagittal view. 
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Figure 4
Axial slice of upper apical arch form.

Figure 5
Axial section of lower coronal arch form, sagittal view.

Figure 6
Axial slice of lower coronal arch form.

Figure 7
Axial section of lower apical arch form, sagittal view. 
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one of the apical section of the lower arch.
Each dental crown and root apex on these images
was then marked at selected reference points; as
Andrews (25) (1972) and White (26) (1978) both
agreed that the curve best representing the arch
form is that obtained by joining the points of in-
terproximal contact, the coronal markers were po-
sitioned at the central points of the maximal
mesiodistal diameter of the crowns, i.e. at points
equidistant from the interproximal contact points
(Figure 9). The apical points, on the other hand,
were positioned at the centre of the root tip in
monoradicular teeth, at the point equidistant from
the two root tips in biradicular teeth, and the
barycentre of the triangle formed by the three root
tips in triradicular teeth (Figure 10).
So as to obtain symmetrical arches with respect
to the vertical axis, in addition to including only
patients with symmetrical arches in the initial
selection, it was necessary in several cases to ro-
tate the image so that the first molar markers

(coronal and apical) were horizontally aligned
(Figure 11). Linear rescaling was used to trans-
form the coordinates so as to equalize the hori-
zontal distance between the two first molars in
all arches, so that individual variation in jaw size
could be excluded from the later comparison
(Figures 12, 13).
The coordinates of the reference points were
then entered on appositely created Excel spread-
sheets which were used as the basis for subse-
quent calculations and graphical representations
with the aim of defining the best fit of the aver-
age dental arch among the three curves consid-

Figure 8
Axial slice of lower apical arch form.

Figure 9
Coronal position markers.

Figure 10
Apical position markers.
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ered (hyperbolic cosine, ellipse, parabola).
The next stage in the procedure was to create a
scatter plot of the points representative of each
tooth for each arch considered. The mean posi-
tion and standard deviation of each tooth were
calculated and used to identify a continuous
curve representing the average arch form pass-
ing through the mean position of each group of
coordinates. A mathematical tool known as min-

imum χ2 (chi-square) was used to this end. For
each arch the fits were generated for the follow-
ing curves: parabola, ellipse and hyperbolic co-
sine (Table 1) and χ2 was calculated to determine
their goodness-of-fit.

Statistical analysis 

All measurements were repeated by the same op-
erator, using the same computer, software and
working conditions, after approximately 1
month from the initial measurement session, and
Dahlberg’s d test was used for measurement sys-
tems analysis. The statistically significance of
this test was then analysed by means of Stu-
dent’s t-test for paired data (Table 2), which re-
vealed no statistically significant discrepancy
linked to the measurement procedure, i.e. initial
calculation of the mean position of each tooth
and then determination of the mean coronal and
apical arch forms. The reliability of measure-
ment of each of the markers considered was
thereby confirmed. 
This analysis was performed separately for each
arch (upper coronal, lower apical, etc.) in each
group of patients, thereby furnishing a single fit
for each average arch found. In other words, an

Figure 11
Horizontal alignment of first molars.

Figure 12
Example arch before rescaling. 

Figure 13
Arch after rescaling.
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average fit was performed, thereby reducing the
method error.

Results
In the group comprising the short-faced subjects
(Figure 14), no statistically significant difference
between apical and coronal arch forms was
revealed. Although the parabola fit was slightly
more appropriate to the apical mandibular arch
than the other arches considered, on the whole, it
did not prove a good representation of the coronal
or apical arch forms in either the upper or lower
jaw. In contrast, both the ellipse and hyperbolic

cosine showed excellent fit for the upper and
lower apical and coronal arch forms. Nonethe -
less, it should be noted that neither of these
curves perfectly represented the shape of the
canine areas, whose curvature is different to the
posterior sectors. Thus, due to its significant
change in curvature, the hyperbolic cosine fit was
the better of the two on the whole, even though
for the apical mandibular arch, comparison of the
values for χ2 (Table 3) showed that the two curves
were very similar in practical terms: 1.532223
(hyperbolic cosine) with respect to 1.616714
(ellipse).
In normodivergent subjects (Figure 15), a
moderately significant difference between apical
and coronal arch forms was revealed. The curve

Table 1 - Curves fitted: their Cartesian equations and corresponding fit parameters.

Table 2 - Example of Dahlberg’s index and Student’s t-test calculated for one subject.
Variable Statistical Description

Dahlberg’s Index Statistical Significance

Upper apices x 0.000833 Not significant
Upper apices y 0.000833 Not significant
Upper crowns x 0.004583 Not significant
Upper crowns y 0.001250 Not significant
Lower crowns x 0.000417 Not significant
Lower crowns y 0.001250 Not significant
Lower apices x 0.000833 Not significant
Lower apices y 0.001667 Not significant

!
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that best fit the apical and coronal portions of the
lower arch was the hyperbolic cosine, while that
which was least representative of the position of
the teeth was the parabola. The ellipse provided a
fairly adequate representation of the apical lower
arch, but the hyperbolic cosine was superior in
this respect, even though this also failed to
provide a perfect fit to the apical and coronal
arches as, in both cases, χ2 was found to be greater
than 4. 
As regards the upper arch, the best fit was found
to be the hyperbolic cosine, in both apical and
coronal portions, while once again the parabola

was the least representative curve. In particular
(Table 4), a marked difference was evident
between the χ2 of the hyperbolic cosine in the
apical portion of the upper arch, 0.7781621 (very
good fit) and the corresponding χ2 of the parabola
14.75837 (very poor fit). At the mandibular root
apices, the hyperbolic cosine was a very good fit,
whereas in the coronal curve, a considerable
discrepancy between the position of the canines
and this curve was evidenced. The elliptical
curve, on the other hand, was also found to be
representative of the apical and coronal portions
of the upper and lower arches, although the

Figure 14
Short-faced subject group results. a) Mean apical mandibular arch fit: hyperbolic cosine, ellipse, parabola; b) Mean coronal
mandibular arch fit: hyperbolic cosine, ellipse, parabola; c) Mean apical maxillary arch fit: hyperbolic cosine, ellipse, parabola; d)
Mean coronal maxillary arch fit: hyperbolic cosine, ellipse, parabola.
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hyperbolic cosine, featuring a marked change in
curvature, was found to be superior in this
respect.
In long-faced subjects (Figure 16), no statistically
significant difference was detected between the
coronal and apical curves. In the upper arch, the
hyperbolic cosine was the best-fitting curve in
both coronal and apical portions. The ellipse was
a fairly adequate representation of the coronal
arch, but displayed a poor fit at the mandibular
apices (a particularly large discrepancy between
mean apical and coronal positions in the premolar
regions), with a χ2 of 15.67413 with respect to the
1.011527 of the hyperbolic cosine (Table 5). 
The best fit at the mandibular apices was seen
with the hyperbolic cosine, whereas the parabola
was a poor fit in both the crowns and root apices

of the lower arch. The hyperbolic cosine was the
best-fitting curve at the maxillary crowns,
whereas the ellipse was more representative of
the apical arch form. Nevertheless, it should be
noted that no great difference was seen between
the two types of fit in the upper apical arch in
terms of χ2, which was adequate for both the
ellipse (1.530169) and the hyperbolic cosine
(1.842981). At the upper coronal arch, on the
other hand, the position of the ellipse differed
from the mean position of the teeth, especially in
the anterior portion of the arch (from canine to
canine). In contrast, the hyperbolic cosine was
extremely representative of the entire coronal
arch, it being characterized by a change in
curvature corresponding to the anterior sector.

Figure 15
Norm-faced subject group results. a) Mean apical mandibular arch fit: hyperbolic cosine, ellipse, parabola; b) Mean coronal
mandibular arch fit: hyperbolic cosine, ellipse, parabola; c) Mean apical maxillary arch fit: hyperbolic cosine, ellipse, parabola; d)
Mean coronal maxillary arch fit: hyperbolic cosine, ellipse, parabola.
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Discussion
Various Authors have documented associations
between long-faced subjects and a long, narrow
arch form, short-faced subjects and relatively
wide arches, and normodivergent subjects with a
paraboloid arch form (18, 19). However, these
considerations were all made based on measu -

rements of arch form and dental position perfor -
med on plaster models, and therefore only the
coronal section of the arches.
In contrast, this study, thanks to VCT technology,
was able to make accurate measurement not only
of the coronal portion of the arches, but also of
the root apices. Furthermore, by means of a
rescaling procedure it was possible to ensure that
all measurements were made on arches of the

Figure 16
Long-faced subject group results. a) Mean apical mandibular arch fit: hyperbolic cosine, ellipse, parabola; b) Mean coronal
mandibular arch fit: hyperbolic cosine, ellipse, parabola; c) Mean apical maxillary arch fit: hyperbolic cosine, ellipse, parabola; d)
Mean coronal maxillary arch fit: hyperbolic cosine, ellipse, parabola.
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same virtual size, thereby providing a homoge -
neous sample as regards arch size. Using this
methodology, the coronal arches, and to a lesser
extent the apical arches, were shown to feature a
change in curvature at the canines in all sample
groups (short-faced, norm-faced and long-faced
subjects). A further advantage of this type of
study was that rather than relying on calculation
of an average of fits, in this case we were able to
determine the average fit, thereby reducing the
method error.
In order to represent the coronal arch form, the
most suitable fit was found to be, in all three
degrees of divergence considered, the hyperbolic
cosine, i.e. a curve of altering curvature. Like -
wise, the hyperbolic cosine was also found to be
the most suitable means of representing the apical
arch form in all three patient groups, although it
must be mentioned that the ellipse also provided
suitable fit, particularly in the lower apical arch in
long-faced subjects. The worst fit, in both the
upper and lower apical and coronal arches, was
found to be the parabola in all sample groups
(short- norm- and long-faced subjects).
Despite this general homogeneity, comparison of
the best fits yielded for the three divergence
groups did reveal several differences.
In particular, it was shown that the hyperbolic
cosine was the most representative fit of the
upper coronal arch form in long-faced subjects,
even though this particular arch form was
observed to be, on average, more “tapered” in the
anterior sector (from canine to canine) with
respect to the corresponding apical arch form,
which is best represented by an ellipse. This can
be explained by the hypotonic musculature
characteristic of hyperdivergent subjects that
wields more influence on the dental crowns with
respect to the roots (27). The hyperbolic cosine
was without doubt the curve that best fit the
mandibular coronal arch as compared to that of
the maxilla. In fact, in the hyperdivergent sub -
jects, who are prone to open-bite and nasal
respiration, the tongue tends to have a low
position, the orbicular muscle of the mouth tends
towards hypotonicity and little pressure is
therefore exerted on the maxillary coronal arch,Ta
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which is generally more contracted than its
mandibular counterpart (28). 
In short-faced subjects, the hyperbolic cosine (a
wide arch with a change in curvature at the
canines) was also found to be the curve of best
fit, in this case of all arch forms considered
(upper, lower, coronal, apical), especially in the
case of the maxillary coronal arch. In fact,
hypodivergent patients tend to be characterized
by a flattened oral vault and hypertonic orbicular
muscles and tongue (this muscular component
plays an important role in determining the
development of the dentomaxillary complex and,
in particular, “moulds” the upper jaw, favouring
transversal growth) (29). Thus the upper coronal
arch has a wider appearance. 
In norm-faced subjects, the most representative
arch form, in both coronal and apical portions of
the maxilla and mandible, was also the hyper-
bolic cosine. With respect to their long- and
short-faced counterparts, these subjects have in-
termediate muscular and skeletal characteristics
and, likewise, the fit of their arch form was also
intermediate in nature with respect to the other
sample groups, reflecting the balanced pattern of
development in these subjects. In fact, normodi-
vergent subjects are characterized by balanced
muscle function, in which the masticatory, or-
bicular and tongue muscles therefore perform
their functions without excesses of tension or re-
laxation, a situation that is obviously reflected in
the development of the arch form (29). In addi-
tion it should be outline that syndromic and cleft
patients have specific arch forms which should
be analysed one by one (30-39).
In addition, the patient-related susceptibility is a
critical factor for disease onset. So, every factor
favouring oral biofilm formation (poor oral hy-
giene), host defence capability (smoking habit,
excessive alcohol consumption, genetic traits,
history of periodontitis, use of bisphosphonates),
might favour developing of peri-implantis and
periodontal disease  in syndromic cleft patients,
which diagnosis and treatment require dentist’s
engagement (40-62).

Conclusions
This VCT study revealed that there is a correla-
tion between the degree of divergence and the
shape of the upper and lower arches at both api-
cal and, especially, coronal reference points.
The hyperbolic cosine was the most representa-
tive curve considered, although several differ-
ences in the mean position of the teeth in the var-
ious biotypes were noted. 
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